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We study the thermodynamic properties of Schwarzschild-de Sitter (SdS) black hole and
Reissner-Nordstro¨m-de Sitter (RNdS) black hole in the view of global and effective thermo-
dynamic quantities. Making use of the effective first law of thermodynamics, we can derive
the effective thermodynamic quantities of de Sitter black holes. It is found that these ef-
fective thermodynamic quantities also satisfy Smarr-like formula. Especially, the effective
temperatures are nonzero in the Nariai limit. By calculating heat capacity and Gibbs free
energy, we find SdS black hole is always thermodynamically stable and RNdS black hole may
undergoes phase transition at some points.
I. INTRODUCTION
Recently, thermodynamic criticality and phase transition of black holes in anti-de Sitter (AdS)
space have been studied extensively. Since the Hawking-Page phase transition for Schwarzschild-
AdS black hole was proposed, various phase structures for different black holes in AdS space have
been found. It is found that the charged AdS black hole may have similar phase transition and crit-
ical behavior to that of Van der Waals liquid/gas system[1–4]. There are also extensive studies on
the thermodynamics and P−V criticality of several kinds of black holes in an extended phase space
by taking the cosmological constant as pressure[5–11]. Meanwhile, astronomical observations show
that our Universe is accelerating expansion[12–14], which means that it should be asymptotical de
Sitter one. Thus, it is necessary to consider the creation, dynamical evolution and thermodynamic
properties of black holes in de Sitter space[15–17].
The major obstacle to study the thermodynamics of black holes in de Sitter space is the ex-
istence of multi-horizons and different temperatures for these horizons[18–20]. Generally, all de
Sitter black holes have the black hole event horizon and the cosmological horizon. The differ-
ent temperatures for the two horizons make the whole spacetime cannot be in thermodynamic
equilibrium. The conventional route to cope with de Sitter black holes is to treat the black hole
horizon and cosmological horizon as two independent thermodynamic systems. For instance, one
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2can analyze one horizon and take another one as the boundary or separate the two horizons by
a thermally opaque membrane or box[21–26]. In this way, the two horizons can be considered as
two independent thermodynamic system and have their respective first law of thermodynamics.
Besides, one can also take a global view to construct the globally effective temperature and other
effective thermodynamic quantities[27–30]. In this approach, the observer could imagine himself
lie between the region between the black hole horizon and the cosmological horizon. For such an
observer a new effective first law for the whole de Sitter black hole can be constructed with the
total entropy assumed to be the sum of the entropies of the black hole horizon and the cosmological
horizon[15, 34]. However, it should be noted that there is also other choices for the total entropy
of de Sitter black holes. As mentioned above, the whole system is in fact in a non-equilibrium
thermodynamic state. The total entropy may be not simply the sum of entropies of the black hole
horizon and the cosmological horizon. Even when multiple horizons exist for de Sitter black holes,
the area law of entropy may be no longer established for the cosmological horizon[25].
Even though adopting the globally effective approach to deal with de Sitter black holes, there
are still two different starting points. One can first take the geometric volume between the two
horizons as the thermodynamic volume of the system and then derive the effective pressure and
other effective thermodynamic quantities from the effective first law. In this case, the effective
first law can be written in the form dM = T˜effdS − P˜effdV + · · ·, where the “· · ·” represents the
contributions from other matter fields. This idea has been employed in [27–30]. The other idea is
to consider the cosmological constant as variable and relate it to the pressure and then derive the
effective volume and other effective thermodynamic quantities based on it. The effective first law
in this case has the form dM = TeffdS + VeffdP + · · ·. Obviously, in the two cases, the effective
thermodynamic quantities are different. Especially, the sameM in the two first laws have different
meanings. In the former, it means internal energy and in the latter, the enthalpy. In this paper
we will take the latter idea to study the thermodynamic properties of some de Sitter black holes.
To study the thermodynamic stabilities of de Sitter black holes by means of effective thermody-
namic, we also draw lessons from the former works on non-equilibrium thermodynamics[31–33].
Although these effective thermodynamic quantities are derived by analogy, they may reflect the
global thermodynamic properties of de Sitter black hole. According to (M, P, S) and the effective
thermodynamic quantities (Teff , Veff ), we derive the effective heat capacity and Gibbs free energy,
by which we can analyze the thermodynamic stability of the de Sitter black holes in the global
sense.
The paper is arranged as follows. In Section II, we study the thermodynamics of Schwarzschild-
3de Sitter black hole. In Section III we will study Reissner-Nordstro¨m-de Sitter black hole and
analyze its thermodynamic stability. We make some concluding remarks in Section V.
II. THERMODYNAMICS OF SCHWARZSCHILD-DE SITTER (SDS) BLACK HOLE
For static, spherically symmetric spacetime, the metric ansatz is usually given by
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2, (1)
where
f(r) = 1− 2M
r
− Λr
2
3
, (2)
for SdS black hole.
If 0 < 9ΛM2 < 1, the two positive roots of f(r) = 0 mark the positions of the horizons of SdS
spacetime. The smaller one, expressed as r+, corresponds to the black hole event horizon. And
the larger one, rc, corresponds to the cosmological horizon.
One can express the parameters M, Λ according to r+ and rc. They are
M =
x(x+ 1)rc
2 (x2 + x+ 1)
, Λ =
3
(x2 + x+ 1) r2c
, (3)
where we have set x = r+/rc, thus 0 ≤ x ≤ 1.
The surface gravities of black hole horizon and the cosmological horizon are:
κ+ =
1− Λr2+
2r+
> 0, κc =
1− Λr2c
2rc
< 0, and κ+ > |κc|, (4)
because r+ and rc satisfy the relation:
2M < r+ < 3M <
√
1
Λ
< rc <
√
3
Λ
. (5)
Temperatures of both the horizons are
T+ =
κ+
2pi
, Tc = − κc
2pi
. (6)
Entropies for the two horizons are respectively:
S+ = pir
2
+, Sc = pir
2
c . (7)
We consider the cosmological constant Λ as variable and relate it to the thermodynamic pressure:
P = −Λ/8pi[35]. It is found that the first laws of thermodynamics can be established on the two
horizons:
dM =
κ+
2pi
dS+ + V+dP, dM =
κc
2pi
dSc + VcdP, (8)
4where V+ =
4pir3
+
3 and Vc =
4pir3c
3 are the conjugate volumes to the thermodynamic pressure.
Now let us take a global view on the thermodynamics of the SdS spacetime. In our former
works, we have studied the thermodynamics of SdS black holes based on the effective first law:
dM = T˜effdS − P˜effdV with V = 4pi(r3c − r3+)/3, the volume between the black hole horizon and
the cosmological horizon and the total entropy S = S++Sc[36]. In this framework, T˜eff =
∂M
∂S
∣∣∣
V
,
is the effective temperature and P˜eff = − ∂M∂V
∣∣∣
S
, is the effective pressure. Below we take another
view.
One can introduce the effective thermodynamic quantities and construct effective thermody-
namic law for the SdS spacetime:
dM =
κeff
2pi
dS + VeffdP, (9)
where κeff is the effective surface gravity and Veff , the effective thermodynamic volume. We can
derive the effective thermodynamic quantities1:
Teff = −κeff
2pi
= − ∂M
∂S
∣∣∣∣
P
=
(x+ 2)(2x + 1)
4pi(x+ 1) (x2 + x+ 1) rc
=
Λ(x+ 2)(2x+ 1)
4
√
3pi(x+ 1)
√
Λ (x2 + x+ 1)
(10)
Veff =
∂M
∂P
∣∣∣∣
S
=
4pi
(
x4 + 3x3 + 3x2 + 3x+ 1
)
r3c
3(x+ 1)
. (11)
One can easily verify that these effective thermodynamic quantities also satisfy the Smarr-like
formula:
M = −2TeffS − 2VeffP. (12)
This relation hints the scaling behaviors of these effective thermodynamic variables. Obviously,
when the cosmological horizon radius rc is scaled as rc → λrc, other state variables are scaled as
follows: Λ → Λ/λ2, M → λM , Teff → Teff/λ and Veff → λ3Veff . This issue has been carefully
discussed in [25, 37].
In this form,M should be identified with the enthalpy of the whole SdS thermodynamic system.
When x→ 0, the black hole horizon vanishes, SdS spacetime becomes pure dS space. In this case,
one can easily find that
Teff =
1
2pirc
, Veff =
4pir3c
3
. (13)
These are exactly thermodynamic quantities of dS space. When x → 1, the black hole horizon
and the cosmological horizon apparently coincide, but the volume between them is not zero. The
1 Here κeff is negative. This can be seen from Eq.(4). Physically acceptable temperature should be positive, so we
take the absolute value.
5nonzero volume indicates that in this limit the region between the two horizons does not shrink
into zero. The two horizons are not really coincident. This is usually called Nariai limit[38, 39].
In this case, r+ = rc = r0 =
√
1/Λ, thus T+ = Tc = 0.
However, as Bousso and Hawking had pointed out[17], for SdS black hole the normalization
constant γt of timelike Killing vector field K = γt
∂
∂t
cannot set to be γt = 1 as usual, but should
be taken as γt =
1√
f(rg)
with rg a reference point. In this way, the Bousso-Hawking temperature
can be calculated along with the new normalization as TBH+ =
f ′(r+)
4pi
√
f(rg)
and TBHc =
f ′(rc)
4pi
√
f(rg)
.
One can easily find that the Bousso-Hawking temperature is not zero in the Nariai limit, but
TBH+ = T
BH
c =
√
Λ
2pi .
According to Eqs.(10), (11), in the Nariai limit the effective temperature and effective volume
turn into
Teff =
3
8pir0
=
3
√
Λ
8pi
, Veff =
22pir30
3
. (14)
Clearly, these results are consistent with that of Bousso and Hawking, although the coefficient is a
little different.
FIG. 1: Teff as function of x. The solid (blue) curve depicts Teff (x,Λ) with Λ = 1. The dashed (red) curve
depicts Teff (x, rc) with rc = 1.
In Fig.1, we have depicted the effective temperature Teff . It is shown that Teff monotonically
increases as the x increases when Λ is fixed. In the Nariai limit, it reaches the maximum. When
the cosmological horizon rc is fixed, the effective temperature will first increase as the black hole
horizon r+ increases, until the maximum, and then decrease. In the Nariai limit, it reaches the
minimum. To understand the thermodynamic stability of the SdS thermodynamic system, we can
6calculate the heat capacity by means of the effective thermodynamic quantities.
CP =
∂M
∂Teff
∣∣∣∣∣
P
=
2pi(x+ 1)2(x+ 2)(2x + 1)r2c
4x2 + 7x+ 4
. (15)
Obviously, the heat capacity at constant pressure is always positive. Thus, we conclude that the
global SdS system is thermodynamically stable and no phase transition arises.
III. THERMODYNAMICS OF REISSNER-NORDSTRO¨M-DE SITTER (RNDS) BLACK
HOLE
For the RNdS spacetime, the metric ansatz is also given by Eq.(1), but with
f(r) = 1− 2M
r
+
Q2
r2
− Λr
2
3
. (16)
There are three positive real roots for f(r) = 0. The smallest one r− is the inner/Cauchy horizon,
the intermediate one r+ is the event horizon of black hole and the largest one is the cosmological
horizon. According to r+, rc and Q, we can express M, Λ as:
M =
(x+ 1)
(
x2r2c +Q
2x2 +Q2
)
2x (x2 + x+ 1) rc
, Λ =
3
(
xr2c −Q2
)
x (x2 + x+ 1) r4c
. (17)
When the black hole horizon and the cosmological horizon are viewed as independent each other,
there are also respective first laws of thermodynamics:
dM =
κ+
2pi
dS+ +Φ+dQ+ V+dP, dM =
κc
2pi
dSc +ΦcdQ+ VcdP, (18)
where Φ+ and Φc are electric potentials corresponding to the two horizons.
Considering the connection between the black hole horizon and the cosmological horizon, we
can derive the effective thermodynamic quantities and corresponding first law of black hole ther-
modynamics:
dM =
κeff
2pi
dS +ΦeffdQ+ VeffdP. (19)
The effective surface gravity κeff , the effective electric potential Φeff and the effective thermody-
namic volume Veff are respectively:
κeff
2pi
=
∂M
∂S
∣∣∣∣
Q,P
= −
[
Q2
(
x2 + 2x+ 3
)− x(x+ 2)r2c ] [Q2 (3x2 + 2x+ 1)− x2(2x+ 1)r2c ]
4pix(x+ 1) (x2 + x+ 1) r3c [x
2r2c −Q2(x+ 1)2]
, (20)
Φeff =
∂M
∂Q
∣∣∣∣
S,P
= − Q
[
x2r2c +Q
2
(
x2 + 1
)]
(x+ 1)rc [x2r2c −Q2(x+ 1)2]
, (21)
7Veff =
∂M
∂P
∣∣∣∣
S,Q
=
4pir3c
[
x2
(
x4 + 3x3 + 3x2 + 3x+ 1
)
r2c −Q2
(
x6 + 3x5 + 6x4 + 6x3 + 6x2 + 3x+ 1
)]
3(x+ 1) [x2r2c −Q2(x+ 1)2]
.(22)
When Q = 0, RNdS black hole returns back to SdS black hole. Correspondingly, the above
quantities indeed degenerate to Eqs.(10) and (11), only if we define the effective temperature of
the RNdS black hole to be:
Teff =
|κeff |
2pi
. (23)
Also, these effective thermodynamic quantities satisfy the Smarr-like formula:
M = −2TeffS +ΦeffQ− 2VeffP, (24)
which also reflects the scaling behaviors of the thermodynamic state variables.
For the RNdS black hole, it is meaningless to discuss the x→ 0 limit. In this limit, the RNdS
spacetime will not return to the SdS or dS spacetime. In the x→ 1 limit, the charged Nariai black
hole is obtained. In this case, r+ = rc = ρ. M and Λ have simple forms:
M =
ρ2 + 2Q2
3ρ
, Λ =
ρ2 −Q2
ρ4
. (25)
The inner horizon lies at
r− = b =
√−Λ (2Λρ2 − 3)
Λ
− ρ =
ρ
(
−ρ2 +Q2 +√ρ4 − 2Q4 + ρ2Q2)
ρ2 −Q2 < ρ. (26)
The effective temperature Teff in the charged Nariai case, is
Teff =
(
b2 + 2bρ− 3ρ2)2
8piρ (ρ2 − b2 − 2bρ) (b2 + 2bρ+ 3ρ2) 6= 0. (27)
In the ultracold case, namely the three horizons coincide, one can easily find that Teff = 0.
Now it is time to discuss the thermodynamic properties of RNdS black hole. Without loss of
generality, we will take the choice rc = 1 below. It is found that Teff is always negative when
Q2 > 1/2. A negative temperature does not make any sense in black hole thermodynamics. Thus,
below we will study the thermodynamic properties of RNdS black hole with 0 ≤ Q2 ≤ 1/2.
To require Teff ≥ 0, there are some restrictions on Q and x, which are shown in Fig.2. For fixed
x, there are always two regions in which the effective temperature Teff is positive. While for fixed
Q, there will be one or two regions in which Teff is positive, depending on the values of Q. As is
shown in Fig.2, there is one region when Q2 > 1/4 and two regions when Q2 ≤ 1/4. Therefore, Teff
8FIG. 2: The relations between x and Q2. Only in the shadow regions Teff is positive. The dotted line
corresponds to Q2 = 1/4.
has different behaviors for Q2 ∈ [0, 1/4] and Q2 ∈ (1/4, 1/2]. In Fig.III, we plot the Teff for Q = 0.2
and Q = 0.55, respectively. It should be noted that the two positive regions are disconnected, as
is shown in Fig.3(a). The black hole cannot transit through a negative temperature region. Thus,
the RNdS black hole can only stay in one of the two regions and will be always in that region.
(a)Q = 0.2 (b)Q = 0.55
FIG. 3: The effective temperature Teff as functions of x. In (a), the two zero-temperature points lie at
x = 0.06 and x = 0.21. The divergent point lies at x = 0.25. In (b), the two zero-temperature points are
x = 0.52 and x = 0.7.
The heat capacity can be defined as
C =
∂M
∂Teff
∣∣∣∣∣
Q,P
. (28)
Its complete expression is very lengthy. We will put it in the Appendix. The behaviors of the
heat capacity C for Q = 0.2 and Q = 0.55 are depicted in Fig.4. The red dashed curves, which
correspond to negative effective temperature regions, are meaningless. The left divergent point in
Fig.4(a) and the divergent point in Fig.4(b) both correspond to the points where Teff has local
maximum values. However, another unexpected divergence for C arises in Fig.4(a). The heat
9capacity can be positive in each positive-temperature region. In Fig.4(b), the larger black hole
with positive heat capacity should be thermodynamic stable. In the two disconnected positive-
temperature regions in Fig.4(a), both the black holes with larger x have positive heat capacity.
Therefore the two cases are both thermodynamically stable. However, only by heat capacity we
cannot judge which region is more thermodynamically preferred.
(a)Q = 0.2 (b)Q = 0.55
FIG. 4: The heat capacity C as functions of x. The solid (blue) curves correspond to positive-temperature
regions. In (a), the two divergent points are respectively x = 0.14 and x = 0.57. In (b), the heat capacity
diverges at x = 0.62.
To discuss the global stability of the RNdS black hole, we need to calculate the Gibbs free
energy. Because M is now viewed as enthalpy, the Gibbs free energy is defined as
G =M − TeffS. (29)
Also, its complete expression is given in the Appendix. Generally, states with smaller G are more
thermodynamically stable.
0.01 0.02 0.03 0.04 0.05 0.06
T
0.1
0.2
0.3
G
(a)Q = 0.2 (b)Q = 0.2 (c)Q = 0.55
FIG. 5: The Gibbs free energy as functions of Teff . (a) corresponds to the left positive-temperature region
in Fig.3(a), (b) corresponds to the right positive-temperature region in Fig.3(a) and (c) corresponds to the
positive-temperature region in Fig.3(b).
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As is shown in Fig.5(a) and Fig.5(c), the lower branches correspond to black holes with posi-
tive heat capacity,which are indeed thermodynamically stable. However, comparing Fig.5(a) with
Fig.5(b), we can find that in former case Gibbs free energy is always positive , while it is always
negative in the latter case. Therefore, we conclude that the right positive-temperature region is
more thermodynamically preferred because of the lower G.
IV. CONCLUSION
In this paper, we have presented the globally thermodynamic properties including thermody-
namic stability and phase transition of SdS black hole and RNdS black hole. For de Sitter black
holes, the black hole horizon and the cosmological horizon can both be treated as a thermodynamic
system. However, the temperatures on the two horizons are usually different. Thus the two hori-
zons cannot be in thermodynamic equilibrium, except for the Nariai or lukewarm case. Considering
the two horizons share the same parameters M, Q, Λ, there should be some connections between
the thermodynamic quantities of the two horizons. Thus, we take a global view to deal with the
de Sitter black holes. After treating the cosmological constant as the thermodynamic pressure, we
can construct the effective first law of thermodynamics, from which the effective thermodynamic
quantities can be derived. It is interesting to find that the effective temperatures for SdS black
hole and RNdS black hole tend to a nonzero value in the Nariai limit. This result agrees with the
result of Bousso and Hawking.
For SdS black hole, the effective temperature is always positive. For RNdS black hole, the
effective temperature has two different behaviors depending to the values of Q. When Q2 ≤ 1/4,
the effective temperature can be positive in two disconnected regions. When 1/4 < Q2 ≤ 1/2, the
effective temperature is positive in one region. When Q2 > 1/2, the effective temperature is always
negative. We also discussed the locally thermodynamic stability by calculating heat capacity. It is
shown that the heat capacity is always positive for SdS black hole, which mean SdS black hole is
always thermodynamic stable. For RNdS black hole, heat capacity can have positive values in each
positive-temperature regions when 1/4 < Q2 ≤ 1/2. However, according to Gibbs free energy we
find that RNdS black hole is more thermodynamically preferred in the right positive-temperature
region.
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Appendix A: Complete expressions of C and G
Here we show the complete forms of heat capacity and the Gibbs free energy (rc = 1):
C =
2pi(x+ 1)2
A(x)
[
x2 −Q2(x+ 1)2
]2 [
x2 + 2x−Q2
(
x2 + 2x+ 3
)] [
2x3 + x2 −Q2
(
3x2 + 2x+ 1
)]
,
(A1)
where
A(x) = −3Q8(x+ 1)2
(
x6 + 8x5 + 11x4 + 16x3 + 11x2 + 8x+ 1
)
+ 2Q6x
(
2x8 + 23x7 + 59x6 + 81x5 + 90x4 + 81x3 + 59x2 + 23x+ 2
)
− 6Q4x3
(
2x6 + 2x5 − 7x4 − 12x3 − 7x2 + 2x+ 2
)
− 6Q2x5
(
2x4 + 9x3 + 13x2 + 9x+ 2
)
+ x7
(
4x2 + 7x+ 4
)
. (A2)
G = − 1
B(x)
[
Q4
(
5x6 + 16x5 + 31x4 + 32x3 + 31x2 + 16x+ 5
)
− 2Q2x
(
x6 + 4x5 + 7x4 + 4x3 + 7x2 + 4x+ 1
)
+ x3
(
2x4 + 3x3 + 3x+ 2
)]
, (A3)
where
B(x) = 4x(x+ 1)
(
x2 + x+ 1
) (
x2 −Q2(x+ 1)2
)
. (A4)
